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ABSTRACT 
 

This paper presents a dynamic model and parameter identification for a two-wheeled inverted pendulum (TWIP) ro-

bot.  The work is aimed at obtaining an accurate mathematical model of the TWIP and obtaining its parameters.  

The mathematical model is developed using the Euler-Lagrange method.  Then, the parameters of the system are 

identified using measurements and computations.  The nonlinearity and instability of the TWIP is evaluated through 

simulations of the model in SIMULINK.  The simulation results show that the developed model represents the actual 

system in terms of nonlinearity and instability. Thus, the model can be used to develop a controller for the nonlinear 

plant. 

Keywords: Two-wheeled Inverted Pendulum (TWIP) robot; Lagrange modeling technique; parameter identification; 

generalized coordinates, tilt angle

1. INTRODUCTION 
 

A two-wheeled mobile robot, also called a two-wheeled 

inverted pendulum robot (TWIP) or self-balancing robot, is 

a control system which has its basis on the inverted pendu-

lum. The robot has been used in various applications; for 

transportation of humans to short distances, like the Seg-

way[1]; for medical purposes where it has helped people 

with disabilities to climb stairs, and in gardening[2] . 

Self-balancing robots are also excellent for teaching and 

testing advanced control systems. The TWIP is an 

eco-friendly system since it does not use fossil fuels.   

The TWIP, being based on the inverted pendulum, is highly 

unstable, nonlinear and underactuated[3]. These features of 

its dynamics make it a very attractive plant to control engi-

neering researchers [4], right from the modelling of its dy-

namics, to the design of controllers for its digital and phys-

ical realization.  Researchers have been concerned with 

obtaining models that most closely describe the dynamics of 

the TWIP using different methods and approaches. They 

have also been occupied with designing different types of 

controllers for its operations. Being a nonlinear system, 

some control design approaches employing its linearized 

equivalent have been studied and applied. The use of a line-

arized model requires correct parameter identification. The 

parameters of the TWIP must be identified correctly in or-

der to fit the developed model and enable the design of an 

adequate controller.  

In the literature, TWIPs have been modeled using different  

techniques:  In [5], the Euler-Lagrange modeling tech-

nique was used on a TWIP driven by DC motors.  The 

model was then linearised and a state space model devel-

oped. In [2], a co-axes driven TWIP was developed, after 

which the mathematical model was obtained using the La-

grange method. Other researchers that used the Eu-

ler-Lagrange method include [6-17]. The Euler-Lagrange 

method appears to be the most popular method of modeling 

the TWIP as there is no need for interactive forces. Newto-
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nian mechanics is another method used to model TWIPs. 

The authors in [18] developed a dynamic model of the 

Scorpio self-balancing robot using this method. In[19] , 

various control strategies were tested on a TWIP which was 

modelled using Newtonian mechanics. Another method of 

modeling the TWIP is Kane’s method. Researchers in [20, 

21] used Kane’s method to derive a dynamic model of a 

TWIP.   

In addition to an accurate model, the parameters of the 

TWIP must be identified correctly in order to fit the devel-

oped model and enable design of an adequate controller. 

The main contribution of this paper is to identify the pa-

rameters of the TWIP robot and to demonstrate the inherent 

instability and nonlinearity of the robot. The dynamical 

equations of the TWIP are obtained using Euler-Lagrange 

modeling. The parameters of the robot are then identified 

using measurements and computations. A SIMULINK 

model is then developed based on the equations. The model 

is then simulated and results are presented.  

The rest of the paper is organized as follows: Section 2 pre-

sents the dynamic mathematical model. Section 3 presents 

the identification of the parameters. In section 4, the model 

is simulated and results discussed. In section 5, conclusions 

are presented. 

 

2. DYNAMIC MODEL 

 

The TWIP used in this work is a product of Arduino, 

shown in Figure 1, while Figure 2 shows its schematic 

diagram [22]. The TWIP is a highly nonlinear system 

which requires an accurate model for the development of 

an adequate controller. Thus, a mathematical model of 

the TWIP is developed using the Euler-Lagrange meth-

od.  

 

Figure 1 TWIP 

The model is based on the following assumptions: 

 

i) The robot is a rigid body and does not get dis-

torted while moving 

ii) The tilt angle is measured from the vertical 

iii) Both wheels are exactly the same 

iv) There is no sliding between the wheels and the 

ground 

v) The dynamics of the motors are neglected (since 

the time constants of the electric motors is small 

compared to the time constant of the TWIP) 

vi) Friction and cornering forces are neglected 

Table 1 shows the parameters and variables used in this 

work.  

The Lagrangian equation is given by   

𝐿 = 𝑇 − 𝑉   . . .     (1) 

Where 

𝐿 = The Lagrangian function,  

𝑇= The total kinetic energy (KE), and 

𝑉 =The total potential energy 

 

The equations for evaluating the total kinetic energy,𝑇, the 

total potential energy 𝑉, and hence the Lagrangian func-

tion  are derived in the following subsections. 

2.1 Total Kinetic Energy 

The total kinetic energy of a body is the sum of its trans-

lational kinetic energy 𝑇𝑡, and its rotational kinetic energy 

𝑇𝑟. i.e., 

𝑇 = 𝑇𝑡 + 𝑇𝑟                                (2) 

Translational Kinetic energy, 𝑇𝑡 
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The translational kinetic energy is a function of the mass 

of a body and its translational velocity. 

For the main body 𝑚, its translational kinetic energy is 

given by: 

𝑇𝑡1 = 0.5𝑚𝑣1
2         . . .    (3) 

Where  𝑣1  is its translational velocity, defined as the 

square root of the sum of the squares of its horizontal 

velocity 𝑣1ℎ and its vertical velocity 𝑣1𝑣. i.e., 

𝑣1 = √𝑣1ℎ
2 + 𝑣1𝑣

2          

(4) 

The horizontal and vertical velocities are obtained from 

the horizontal and vertical displacements of the main 

body as follows: 

The horizontal displacement of the body is 

  =   + 𝐿      . . .      (5) 

Therefore, the horizontal velocity is  

𝑣1ℎ =  ̇ =   ̇ +  ̇𝐿     . . .             (6) 

The vertical position of the centre of gravity (CoG) of 

the main body is 

  =  𝐿    +        . . .        (7) 

So, the vertical velocity is 

 𝑣1𝑣 =      ̇ = − ̇𝐿       . . .      (8)     

𝑣1 = √(  ̇ +  ̇𝐿    )2 + (−𝐿 ̇    )
2

 =√ 2 ̇2 + 2 𝐿 ̇ ̇ cos + 𝐿2 ̇2 . . .   (9) 

∴, the translational kinetic energy of the main body is 

𝑇𝑡1 = 0.5𝑚 2 ̇2 +𝑚  ̇𝐿 ̇    + 0.5𝑚𝐿2 ̇2 …      

(10)                                                                                    

The translational kinetic energy of the two wheels, 𝑇𝑡2 is 

obtained as follows: 

The horizontal displacement of one wheel is 

 𝑚 =    (11) 

 

Therefore, the horizontal velocity of one wheel is 

𝑣2 =  ̇𝑚 =   ̇ (12) 

 

𝑇𝑡2 =  0.5𝑚𝑤𝑣2
2 = 𝑚𝑤 

2 ̇2 . . .      (13) 

 

 

Figure 2 Schematic diagram of TWIP 

Table 1: Parameters and Variables 

Symbol Quantity/Parameter 

m mass of main body 

 

𝑚𝑤 mass of one wheel 

𝑣1 horizontal velocity of  the main body of the TWIP 

𝑣2 horizontal velocity of one wheel 

   horizontal position of the centre of gravity, CoG, of the body 

with respect to an initial position O 

 

   The vertical position of the centre of gravity (CoG) of the TWIP 

body  

  horizontal position of the centre of one wheel with respect to an 

initial position   

  Radius of one wheel 

L Length between Centre of gravity and center of wheels 

𝑔 Acceleration due to gravity 

ℎ Height from CoG to the ground 

  Tilt angle 

  Angular position of wheels 

𝜔  angular velocity of main body 

𝐽 Moment of inertia of the main body 

𝐽𝑤 Moment of inertia of the wheels 

         

Therefore, the total translational kinetic energy of the 

TWIP is 

𝑇𝑡 = 0.5𝑚 2 ̇2 +𝑚  ̇𝐿 ̇    + 0.5𝑚𝐿2 ̇2 +

 𝑚𝑤 
2 ̇2                    …   (14) 
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Rotational Kinetic Energy, 𝑇𝑟 

The rotational kinetic energy is the sum of the rotational 

kinetic energies of the main body and that of the two 

wheels. It is derived as follows: 

The rotational kinetic energy of the main body is   

𝑇𝑟1 = 0.5𝐽𝜔2  

The rotational KE of both wheels is  

𝑇𝑟2 = 𝐽𝑤𝜔𝑤
2     

Therefore, the total rotational kinetic energy of the TWIP 

is 

  𝑇𝑟 = 𝑇𝑟1 + 𝑇𝑟2 = 0.5𝐽𝜔2 + 𝐽𝑤𝜔𝑤
2           ...  (15) 

Combining equations (14) and (15), the total kinetic en-

ergy of the TWIP is 

𝑇 =  𝑇𝑡 + 𝑇𝑟 = 0.5𝑚 2 ̇2 +𝑚  ̇𝐿 ̇    +

0.5𝑚𝐿2 ̇2 + 𝑚𝑤 
2 ̇2 +  0.5𝐽𝜔2 + 𝐽𝑤𝜔𝑤

2     … (16) 

2.2 Total Potential Energy 

The total potential energy of the TWIP is given by 

𝑉 = 𝑚𝑔ℎ     . . .      (17) 

From Figure 2, the height ℎ =   =  𝐿    +   . . . (18) 

Therefore, 𝑉 = 𝑚𝑔(𝐿    +  )  . . .       (19) 

2.3 Lagrangian Function 

Combining equations (16) and (19), the Lagrangian is 

obtained as 

𝐿 = 0.5𝑚 2 ̇2 +𝑚  ̇𝐿 ̇    + 0.5𝑚𝐿2 ̇2 +

 𝑚𝑤 
2 ̇2 +  0.5𝐽𝜔2 + 𝐽𝑤𝜔𝑤

2 −𝑚𝑔(𝐿    +  ) … (20) 

The general form of Lagrange’s equation is 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑞𝑖
) −

𝜕𝐿

𝜕𝑞𝑖
= 𝑄𝑖   . . .         (21) 

where  

 =  𝑡ℎ degree of freedom (DOF) of system 

𝑞𝑖 is a generalised coordinate 

𝑄𝑖 is the generalized force associated with a generalized 

coordinate 𝑞𝑖 

In this work, the generalized coordinates are: 

𝑞1  representing the coordinate along the displacement 

angle of the (wheel of the) robot,   

𝑞2 representing the coordinate along the tilt angle of the 

robot,   

So the 𝑞 vector is   

𝑞 = [𝑞1𝑞2] = [    ]  . . .        (22) 

Let the generalized force associated with the   coordi-

nate be µ, and that of   be 𝛽 

So, the general form of Lagrange’s equation for    is  

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝜑̇
) −

𝜕𝐿

𝜕𝜑
= 𝜇     . . .    (23) 

From equation (20) 

𝜕𝐿

𝜕𝜑
= 0      . . .       (24) 

Also, 

(
𝜕𝐿

𝜕𝜑̇
) = 𝑚 2 ̇ + 2𝑚𝑤 

2 ̇ + 2𝐽𝑤 ̇ + 𝑚 𝐿 ̇     (25) 

So, 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝜑̇
) = 𝑚 2 ̈ + 2𝑚𝑤 

2 ̈ + 2𝐽𝑤 ̈ − 𝑚 𝐿 2̇    +

𝑚 𝐿 ̈          …   (26)  

Therefore, the Lagrangian for   =  

 ̈(𝑚 2 + 2𝑚𝑤 
2 + 2𝐽𝑤) − 𝑚 𝐿 2̇    +

𝑚 𝐿 ̈    = 𝜇       (27) 

The Lagrangian for the second generalized coordinate   

is 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝜃̇
) −

𝜕𝐿

𝜕𝜃
= 𝛽    …     (28) 

𝜕𝐿

𝜕𝜃
= −𝑚 𝐿 ̇ ̇    +𝑚𝑔𝐿     . ..                      (29) 

𝜕𝐿

𝜕𝜃̇
= 𝑚 𝐿 ̇    +𝑚𝐿2 ̇ + 𝐽 ̇       …                     (30)  

This means 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝜃̇
) = −𝑚 𝐿 ̇ ̇    +𝑚 𝐿 ̈    +𝑚𝐿2 ̈ + 𝐽 ̈           

                (31) 

Therefore, the Lagrangian for the   coordinate is 

−𝑚 𝐿 ̇ ̇    +𝑚 𝐿 ̈    +𝑚𝐿2 ̈ + 𝐽 ̈ −

(−𝑚 𝐿 ̇ ̇    +𝑚𝑔𝐿    ) = 𝛽  …                      (32)  

𝑚 𝐿 ̈    +  ̈(𝑚𝐿2 + 𝐽) − 𝑚𝑔𝐿    = 𝛽  …      (33)  

In matrix form, the Lagrangians are  

[
𝑚 2 + 2𝑚𝑤 

2 + 2𝐽𝑤 𝑚 𝐿    

𝑚 𝐿    𝑚𝐿2 + 𝐽
] [
 ̈

 ̈
] + [0 −𝑚 𝐿 ̇    

0 0
] [
 ̇

 ̇
] + [

0
−𝑚𝑔𝐿    

] = [
𝜇
𝛽]       (3 ) 
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3. PARAMETER IDENTIFICATION 

The parameters identified are the mass of the body 𝑚, 

mass of one wheel 𝑚𝑤, the radius of the wheels  , the 

length between the centre of gravity and the centre of the 

wheels  , and the moment of inertia of the main body, J. 

Mass of the body 𝒎 

This was measured using a weighing balance in the lab.   

It was found to be 1.034Kg. 

Mass of one wheel 𝒎  

This was measured using a weighing balance in the lab 

and was found to be 0.0496Kg 

Radius of the wheels 𝑹 

The radius was measured using a meter rule and was 

found to be 0.0425m. 

Length between centre of gravity and the center of 

wheels 𝑩 

This was measured using a meter rule and found to be 

0.022m. 

Moment of inertia of the main body, J: 

The main body of the TWIP is rectangular, with breadth 𝑎 

and height 𝑏.   

For a rectangular body, the moment of inertia about the 

x-axis is given as 

 𝐽 =
1

12
𝑚(𝑏2 + 𝑎2) 

Where 𝑏 is the height and 𝑎 the breadth 

𝑏 was measured using a metre rule and found to be 0.13m, 

while 𝑎 was found to be 0.082m.  

𝐽 =
1

12
(1.03 )(0.132 + 0.0822)   …    (35)  

𝐽 = 0.001𝐾𝑔𝑚2 . . .        

Moment of inertia of the wheels, 𝐽𝑤: 

𝐽𝑤 =
1

2
𝑚𝑤 

2  . . .      (36) 

𝐽𝑤 =
1

2
(0.0 96)(0.0 25)2 =  . 8e − 5 . . . (37) 

Next, the generalized forces 𝜇 and 𝛽 are substituted by 

known parameters. 

The parameters identified are summarized in Table 2 

Table 2: Parameters of the TWIP 

Parameter Symbol Value Unit 

Mass of the TWIP 

body 

𝑚 1.034 kg 

Mass of one wheel 𝑚𝑤 0.0496 kg 

Radius of one wheel   0.0425 m 

Length between 

Centre of gravity 

and center of wheels 

𝐵 0.022 m 

Acceleration due to 

gravity 

𝑔 10 𝑚 −2 

Tilt angle    rad 

Angular position of 

wheels 

    

Moment of inertia of 

the main body 

𝐽 0.001 𝑘𝑔𝑚2 

Moment of inertia of 

the wheels 

𝐽𝑤 4.48e-5 𝑘𝑔𝑚2 

The torques on the wheels are: right wheel torque 𝜏1 and 

left wheel torque 𝜏2. When the robot carries out transla-

tional motion, the wheels move in opposite directions-one 

wheel clockwise, the other anticlockwise 

So, generalized force 𝜇 due to 𝑞1, ie  , is  

𝜇 = 𝜏1 + 𝜏2    …      (39) 

For 𝑞2, ie  , when the robot tilts, the wheels have to 

move in a direction opposite that of the fall of the TWIP to 

balance it. So,  

𝛽 = −(𝜏1 + 𝜏2)    …                           (40) 

Substituting for μ and β in equations (26) and (32) gives 

 ̈(𝑚 2 + 2𝑚𝑤 
2 + 2𝐽𝑤) − 𝑚 𝐿 2̇    +

𝑚 𝐿 ̈    = 𝜏1 + 𝜏2   . . .   (41) 

𝑚 𝐿 ̈    +  ̈(𝑚𝐿2 + 𝐽) − 𝑚𝑔𝐿     =  −(𝜏1 + 𝜏2)   

                                        ( 2) 

From equations 41 and 42, we obtain equations (43) and 

(44) 

 ̈  =
[−(𝜏1 + 𝜏2) − 𝑚 𝐿 ̈    +𝑚𝑔𝐿    ]

[𝑚𝐿2 + 𝐽]
      … ( 3) 

 

 ̈ =
𝜏1 + 𝜏2 +𝑚 𝐿 2̇    −𝑚 𝐿 ̈     

𝑚 2 + 2𝑚𝑤 2 + 2𝐽𝑤
   …              )
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4. SIMULATION RESULTS

This section presents the results of the simulations. The 

nonlinear dynamics and instability of the TWIP were 

simulated using MATLAB/SIMULINK.  The parame-

ters of the robot as given in Table 1 are used in the simu-

lations. The dynamic equations are as obtained in equa-

tions 43 and 44. 

 

The simulations were carried out under different condi-

tions as shown below 

1) Without external input: This is when the torque is 

set to zero 

a) With a Positive initial tilt angle, set to 0.001 radians. 

Figure 4a shows the response of the TWIP. With the 

tilt angle set to positive 0.001 rad, it can be seen that 

the TWIP falls in about 0.9s in the positive direction. 

The robot falls in the positive direction because the 

tilt angle is initialized to a positive value. Thus, the 

highly unstable nature of the TWIP is observed. Fig-

ure 4b shows the position of the TWIP. It moves 

back and forth before falling. 

 

Figure 4a Tilt angle response when tilt angle is set to 0.001 rad 

 

Figure 4b TWIP Position when tilt angle is 0.001 rad 

 

b) With a negative initial tilt angle, set to -0.001radians.   

Figure 5a shows the response of the TWIP while 

Figure 5b shows the position of the TWIP.  It is 

seen that the TWIP now falls in the opposite direc-

tion  

 

 Figure 5a Tilt angle response when tilt angle is set to -0.001 rad
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Figure 5b TWIP Position vs Time when the tilt angle is -0.001 rad 

 

2)  With a step input of 0.02N/m
2
   Figure 6a shows 

the response of the tilt angle with a step input of 

0.02N/m
2
.  It can be observed that the TWIP falls in 

about 0.12s in the positive direction.  Figure 6b shows 

the position of the TWIP.  With the torque applied, the 

robot falls and the tires continue to rotate. 

These results show the inherent nonlinearity and instabil-

ity of the TWIP. 

 

 

       

Figure 6a Tilt angle response when tilt angle is set to 0.001 rad 

 

 Figure 6b TWIP Position vs Time when the tilt angle is 0.001 radians

5. CONCLUSION   

A mathematical model of the self-balancing robot has 

been developed and simulated using SIMULINK in 

MATLAB. The parameters of the robot were identified 

and measured. Using the model and parameters obtained, 

an accurate controller can be developed. From the results 

obtained in the simulations, it has been shown that the 

TWIP is an inherently unstable system which falls in the 

direction of tilt as soon as it is released. From the simula-

tion results, it is seen that the highly nonlinear and un-

stable nature of the TWIP has been demonstrated.
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